Abstract. In spite of many efforts over the past 50 years, the irreducible representations of the Lie algebra of a simple algebraic group over a field of prime characteristic are poorly understood. Recent work on quantum groups at a root of unity has provided new impetus for the subject. This article surveys what has been done and what remains to be done.
Introduction
Finite-dimensional representations of simple Lie algebras over C have been wellstudied, from a variety of viewpoints: the algebraic "highest weight" theory of E. Cartan, the compact group viewpoint of H. Weyl, the geometric viewpoint of A. Borel, A. Weil, R. Bott, etc. Results for the Lie algebra are essentially interchangeable with results for the corresponding simply connected Lie group or a compact real form.
The groups and Lie algebras over C have analogues over fields of prime characteristic, such as special linear groups SL(n, K) and Lie algebras sl(n, K). Highest weight representations of the groups also occur naturally in this setting, as shown by C. Chevalley in the late 1950's. Apart from their intrinsic interest, these representations play a key role in the representation theory of finite simple groups of Lie type. In the last decade, new motivation for the "modular" theory has arisen from the study of quantum groups at a root of unity.
Our goal is to give a concise overview of what is (and is not) known about the irreducible representations of the Lie algebra g of a simple algebraic group G over an algebraically closed field K of characteristic p > 0. Besides the "restricted" representations obtained by differentiating representations of G, there are many others with no obvious connection to group theory. These have been studied sporadically for over half a century, starting with fundamental work of H. Zassenhaus from 1939 onwards in the general setting of modular Lie algebras: see [81] .
Recently a lot of new ideas have been introduced here, which are relevant also to quantum groups at a root of unity. One of the high points has been A. Premet's proof [63] of an old conjecture of V. Kac and B. Weisfeiler giving a lower bound on the p-powers dividing dimensions of simple modules. But the main problems remain almost entirely unsolved: for example, to find the dimensions of all irreducible representations of g.
The reader is assumed to have some acquaintance with the classical theory of finite-dimensional representations of a semisimple Lie algebra over C. Up to a point, the characteristic p theory has a similar flavor. But it turns out to be far more complicated, involving for example not just the usual Weyl group but also the related affine Weyl group-as realized 25 years ago by Verma [79] .
Here we consider only simple Lie algebras of "classical type", leaving aside those of "Cartan type", for which related problems arise (cf. Lin-Nakano [45] ).
The Lie algebra of a simple algebraic group
As Chevalley showed, the classification of simple algebraic groups over K is essentially the same as the classification of simple Lie groups over C. The groups fall into four infinite families of classical groups (of types A, B, C, D) along with five exceptional types (E 6 , E 7 , E 8 , F 4 , G 2 ). Allowing for finite centers, there may be a number of closely related groups for each type, ranging from simply connected to adjoint. For example, in type A n we have the simply connected group SL(n+1, K), the adjoint group PGL(n+1, K), and various intermediate quotients corresponding to divisors of n + 1.
The Lie algebra g of such a simple algebraic group G is also a close relative of the simple Lie algebra over C of corresponding type, being obtained (in the simply connected case) by reduction mod p using a Chevalley basis. But g is not always simple, and its Killing form is not always nondegenerate: for example, when g = sl(n, K), the Lie algebra of n × n matrices of trace 0, there is a 1-dimensional center consisting of scalar matrices when p divides n. Working instead with the full n × n matrix algebra gl(n, K) avoids some technical problems in this case. Other exceptional situations involve p = 2, 3, 5 (bad primes for some types), and are worked out thoroughly in Hogeweij [23] , Hiss [21] .
The reader can safely ignore these complications at first, though of course they eventually have to be addressed. Unless otherwise stated, we take G to be simply connected.
As in characteristic 0, a key structural feature of g is its "triangular" decom-
Here h is a Cartan subalgebra (the Lie algebra of a maximal torus T of G), while n + and n − are the respective sums of positive and negative root spaces. Thus dim g = r + 2N, where r = dim h is the rank and N is the number of positive roots. When g = sl(n, K), the respective subalgebras h, n + , n − may be taken to consist of diagonal, upper triangular nilpotent, and lower triangular nilpotent matrices of trace 0.
In representation theory the Borel subalgebra b = h ⊕ n + plays an especially important role. Its conjugates under the adjoint action of G are the maximal solvable subalgebras of g (except in small cases like g = sl(2, K), p = 2).
Irreducible representations
While the structure of our Lie algebra g is at first sight not much different from that of the corresponding Lie algebra over C, there is an added ingredient: a p-map x → x [p] , which for a matrix Lie algebra such as sl(n, K) is just the associative pth power. The p-map arises intrinsically from the description of g as an algebra of left invariant derivations of the algebra of regular functions on G: here the pth power is again a derivation. We call g a restricted Lie algebra or Lie p-algebra. (Some of the results below are in fact valid for restricted Lie algebras in the abstract sense introduced by Jacobson [28] , without reference to an algebraic group G.)
The p-map on g has a dramatic effect on the structure of the universal enveloping algebra U (g). Recall that this infinite-dimensional associative algebra has a Poincaré-Birkhoff-Witt basis made up of monomials in elements of any fixed ordered basis of g. Representations of g over K are essentially the same thing as U (g)-modules.
In characteristic 0 the center Z(g) of U(g) is comparatively small: it is isomorphic to the Weyl group invariants in U (h), a polynomial algebra in r variables. This permits simple U (g)-modules to be infinite-dimensional. But in characteristic p the center is much larger. It is easy to see that for each x ∈ g, the element
of U (g) lies in Z(g). Methods of Zassenhaus [81] (in the more general context of arbitrary modular Lie algebras) show that these elements generate a copy of the polynomial algebra in n indeterminates, where n = dim g: see [77, §5.2] . This subalgebra of Z(g) may be denoted O (or Z 0 (g)) and called the p-center. Moreover, U (g) is a free O-module of rank p n . A more precise description of Z(g) relative to O is given by Veldkamp [78] : this involves the Weyl group invariants, but requires some restrictions on p.
Because the center of U (g) is so large, arguments due to Jacobson and Curtis [6] (see also Quillen [67] ) show, even for non-restricted g:
Theorem.
All simple U (g)-modules are finite-dimensional, and their dimensions are bounded by a constant which depends only on g.
In our situation there is a precise upper bound for this constant: p N , where N is the number of positive roots. (See Rudakov [68] , where some mild restrictions are made on p.)
Reduced enveloping algebras
Each simple U (g)-module is in fact a module for a finite-dimensional quotient algebra. By Schur's Lemma, elements of Z(g) act on such a module by scalars. Thus for each x ∈ g, the element x p − x [p] acts by a scalar ξ(x). Kac and Weisfeiler observed that ξ is the pth power of a linear functional χ ∈ g * , which may be called the p-character of the module.
Fix χ ∈ g * . Let I χ be the ideal of U (g) generated by the central elements
p , and set U χ (g) := U(g)/I χ . This is the reduced enveloping algebra associated with χ. It may also be described as U (g) ⊗ O K, with O acting via χ p on K. Each simple U (g)-module is now a module for a uniquely determined U χ (g). These algebras were introduced in Weisfeiler-Kac [80] , generalizing the restricted enveloping algebra constructed by Jacobson when χ = 0. For the latter we use the notation U
[p] (g) in place of U 0 (g). (Other notations found in the literature include V (g) and u(g).)
Scrutiny of the construction shows readily: 
The algebras U χ (g) are Frobenius algebras, and even "symmetric" in the sense of Nesbitt: for χ = 0 this goes back to Berkson [4] and Schue [74] Restricted enveloping algebras U [p] (g) inherit the Hopf algebra structure of U (g) (which is already enough to imply they are Frobenius algebras), while other U χ (g) do not. Indeed, the dual of a U χ (g)-module is well-defined as a U (g)-module, but then becomes a module for U −χ (g). Similarly, the tensor product of a U χ (g)-module with a U ψ (g)-module is a module for U χ+ψ (g).
It should be emphasized that a full understanding of the representation theory of U χ (g) requires more than the determination of simple modules. Here "twisted" refers to combining a representation of G with powers of the Frobenius endomorphism. In principle these results reduce a significant part of the representation theory of G to that of g. But in practice, Lie algebra techniques have so far been inadequate to solve the problem.
Jantzen's 1987 book [33] provides a comprehensive foundation for the representation theory of both G and U [p] (g) (as well as related group schemes). Although we are still far from knowing the simple modules, there are by now a lot of refined techniques for organizing the problem and relating it to work of Kazhdan-Lusztig on affine Hecke algebras: linkage principle, translation functors, etc. More recently, all of this has been further enriched by Lusztig's conjectures relating characteristic p representations to the representation theory of quantum groups at a root of unity: see Andersen [1] , Andersen-Jantzen-Soergel [2] , and the concluding remarks below.
Highest weights
What do simple U
[p] (g)-modules actually look like? Even though the precise dimensions of these modules remain unknown in general, their internal structure is not much different from that of their counterparts in characteristic 0.
We need a little more notation. Since G is assumed to be simply connected, g has an easily described basis coming by reduction mod p from a Chevalley basis in characteristic 0. This includes elements h α spanning h, where α runs over just the r = dim h simple roots. The subalgebra n + is a direct sum of 1-dimensional root spaces Ke α , where α runs over the N positive roots, while n − is the sum of root spaces Kf α (α positive). The triples {h α , e α , f α } span copies of sl(2, K), where
* , where
Since L lifts to a representation of G, all weights in fact come (by differentiation) from characters of a maximal torus T of G whose Lie algebra is h. If X = X(T ) is the character group of T , we write λ for both an element of X and its differential in h * . As in characteristic 0, the Weyl group W = N G (T )/T permutes the weights, with dim L µ = dim L wµ . (But these dimensions are in general smaller than those found in characteristic 0.)
There is a unique line in L annihilated by all e α ; it is spanned by a weight vector v of weight λ. We call v a primitive vector and λ the highest weight of L, which can now be denoted L(λ). One gets other weight vectors spanning L(λ) by applying monomials in the f α to v. As in the classical theory, the possible highest weights λ are "dominant" in X relative to the chosen positive roots when L(λ) is viewed as a G-module. The coordinates of λ relative to fundamental weights are < p. But the differential of λ in h * must be regarded as an element of X/pX, so the usual partial ordering of weights is lost. In any case, the p r elements of X/pX parametrize the distinct simple U 
In other reduced enveloping algebras the situation is subtly different, as we shall see.
Non-restricted representations
Rational representations of G yield only restricted representations of g. But there has long been a hope that a full understanding of the non-restricted irreducible representations of g might lead (by a process of "deformation") to an understanding of the restricted ones. Unfortunately, it is still difficult to make this idea precise. Meanwhile the study of arbitrary U (g)-modules continues to have intrinsic appealin part because the main problems have resisted attack for so many decades.
Our intention here is to describe a few of the high points, skipping over technical details (especially those involving bad primes). The extensive references below should help to round out the picture. But we especially want to call attention to the work of Zassenhaus [81] 
Coadjoint orbits and Premet's Theorem
As emphasized by Kac and Weisfeiler [80] , [39] , the adjoint action of G on g (or the coadjoint action on g * ) is critical to a deeper understanding of the representations of U (g). An easy first observation is that U χ (g) is isomorphic to U ψ (g) if χ and ψ lie in the same G-orbit in g * . So one may hope to simplify matters by working with well-chosen orbit representatives.
But there are deeper connections with the orbit geometry. As in characteristic 0, each coadjoint orbit has even dimension. In their 1971 paper Kac and Weisfeiler [80] conjectured (under very mild assumptions) that, if the orbit of χ has dimension 2d, then p d should divide the dimensions of all U χ (g)-modules. This was verified for sl(n, K) when p > n by 5.2] . The conjecture has recently been proved in general by Premet [62] , [63] with a few restrictions on p and the type of g. It is enough, for example, to assume that p is good for G and that g has a nondegenerate G-invariant trace form such as the Killing form.
Theorem. Let g satisfy Premet's conditions. If the
The crucial case is that of a "nilpotent" χ ( §15 below). Premet's strategy is to locate a d-dimensional nilpotent subalgebra m of g so that each U χ (g)-module M restricts to a projective U χ (m)-module. But for well-chosen m it can be seen that U χ (m) has just one simple module and is the projective cover of this module; so "projective" here means "free". Thus dim M is a multiple of dim U χ (m) = p d . While this strategy is easy to describe, it is quite difficult to implement, in part because there really are exceptions to the theorem in cases such as sl(n, K) when p | n. (For another approach see Premet-Skryabin [66] .) Natural questions are raised by the theorem: Is there always a module of dimension p d ? If so, can it be constructed in some explicit fashion? In all cases investigated so far, including g = sl(n, K) for p > n (Friedlander-Parshall), the answer to the first question is positive. In his extensive review of [63] in Mathematical Reviews, Kac remarks that he and A. Radul have shown the existence of a module of dimension p d whenever χ lies in the unique minimal (nonzero) nilpotent orbit. But it is hard to see any clear conceptual reason to expect a positive answer in general.
Support varieties and rank varieties
Premet's proof of the Kac-Weisfeiler conjecture implicitly involves the notion of support variety of a module. He has shortened his original proof somewhat by developing this theme more fully in [64], [65] . We digress briefly to summarize some of the ideas involved, referring the reader especially to the work of FriedlanderParshall [14] , [15] and Jantzen [30] , [31], [32] .
As in the modular representation theory of finite groups, study of a suitable (finitely-generated) cohomology ring and its action on the Ext-groups of a module leads to the introduction of an affine variety which encapsulates information about the "complexity" of the module, measured in terms of its minimal projective resolutions. In the Lie algebra setting this is based on the restricted cohomology theory introduced by Hochschild [22] . (See Feldvoss [13] and Nakano [53] for surveys of recent work.)
The combined work of Friedlander-Parshall and Jantzen leads to a more downto-earth formulation. Define N p (g) to be the set of all x ∈ g satisfying x
[p] = 0. This is a conical subvariety of the nilpotent variety N (and equal to it if p is at least the Coxeter number). Now take an arbitrary U χ (g)-module M and restrict it to the subalgebra x of U χ (g) generated by 0 = x ∈ N p (g) (which is p-dimensional and has a unique simple module). The rank variety of M is defined to be the set of those x for which the restriction of M to x is not projective, together with 0. It is again a conical variety, equal to 0 just when M is a projective U χ (g)-module. (The cohomological support variety maps bijectively to the rank variety, and therefore behaves similarly.) Premet [65] has obtained a precise upper bound for the rank varieties of U χ (g)-modules. Define the "centralizer" of χ to be z g (χ) := {z ∈ g | χ([z, g]) = 0}.
Theorem. The rank variety of every
. Moreover, there is a module having precisely this variety.
Induced modules and simple modules
In this kind of representation theory one does not usually expect to be able to construct all of the simple modules explicitly. (There are, however, some special constructions in the literature: see for example Peters [58] , Peters-Shi [59] .) Instead, the usual strategy is to construct a sufficiently large family of "standard" modules so that all simple modules appear naturally as composition factors of these. Ideally, each standard module would have a unique simple quotient or unique simple submodule.
In the case of U χ (g) it is easy to get started. Without loss of generality, we may fix a Borel subalgebra b = h ⊕ n + of g so that χ vanishes on the nilradical n + . Each λ ∈ h * affords a 1-dimensional representation K λ of h, which lifts to a representation of b by making n + act as 0. This defines a U χ (b)-module only for the p r possible λ ∈ h * which satisfy for all simple roots α:
In this case we can set
The vector v := 1 ⊗ 1 has weight λ, and we get all of Z χ (λ) by applying various negative root vectors f α to v. This is an induced module construction analogous to the construction of Verma modules in characteristic 0. So Z χ (λ) is sometimes called a "baby Verma module".
Theorem. All modules
where N is the number of positive roots. Every simple U χ (g)-module is a quotient of some Z χ (λ) with λ as above.
For the proof see Rudakov [68] (cf. [17, Prop. 1.5]). When χ = 0, it often happens that Z χ (λ) ∼ = Z χ (µ) even when λ = µ in X/pX, as we will soon see. So it is tricky to parametrize simple modules by weights and decide how many there are. In the restricted case, Z(λ) has a unique simple quotient, which can unambiguously be labelled L(λ). But examples found by Jantzen show that this fails for some choices of b when χ = 0; indeed, in extreme cases Z χ (λ) can even be decomposable. How b is chosen relative to χ thus becomes an important issue. In spite of these obstacles, we expect at least the following to be true (perhaps with mild restrictions on p):
Conjecture. For arbitrary χ ∈ g * , there are at most p r non-isomorphic simple U χ (g)-modules.
Central characters
While it is easy to construct induced modules, it is not so easy to determine their composition factors. One useful tool is the action of the center Z(g) of U(g) (or its canonical image in U χ (g)). In characteristic 0 one gets a precise description of the center using the Harish-Chandra homomorphism: it is isomorphic to the algebra of Weyl group invariants in the universal enveloping algebra of a Cartan subalgebra. Moreover, the center acts on Verma modules by scalars, and the resulting central characters are easily computed in terms of highest weights.
Things get more complicated in characteristic p, where Z := Z(g) has a large subalgebra O generated by the elements x p − x [p] . But the subalgebra Z G of Ginvariants in Z turns out to behave much like the full center in characteristic 0 (see Veldkamp [78] and Kac-Weisfeiler [39] , where some restrictions are imposed on p and the type of g). In particular, Z G acts on the induced modules Z χ (λ) by analogous central characters: each z ∈ Z G acts on Z χ (λ) by a scalar θ λ (z), thus defining an algebra homomorphism θ λ : [24] for the restricted case). We give just a rough formulation:
Theorem. Assume λ, µ ∈ h * are differentials of weights in X. Under mild restrictions on p, θ λ = θ µ if and only if µ = w · λ for some w in W .
We say in this situation that λ, µ are W -linked. This amounts to saying that corresponding weights λ and µ in X are conjugate under the action of the extended affine Weyl group relative to p: the semidirect product of W with the translation group pX. The affine Weyl group relative to p is the subgroup involving just translations by p times roots and is a Coxeter group to which Kazhdan-Lusztig theory applies.
The theorem shows that Z χ (λ) and Z χ (µ) can share a composition factor only if λ and µ are W -linked. If χ(b) = 0 (the "nilpotent" case emphasized below), something more precise can be said: see Jantzen [35, Prop. 1.5], which extends the argument in [24] for χ = 0. This is proved by defining suitable intertwining maps and then comparing their kernels and cokernels.
Jordan decomposition in g *
How can one get more insight into the induced modules Z χ (λ)? This depends in part on a more systematic study of the coadjoint orbits. In their 1976 paper [39] , Kac and Weisfeiler showed how to carry over to g * the Jordan-Chevalley decomposition long used in the study of G and g. Recall that in g one has an intrinsic decomposition x = x s +x n with x s semisimple, x n nilpotent, and [x s , x n ] = 0. In the setting of a restricted Lie algebra, an element is "semisimple" if it lies in the linear span of its images under the iterated p-map, while it is "nilpotent" if some power of the p-map kills it. The image of such an element in a restricted representation (such as the adjoint representation) is a semisimple or nilpotent linear operator in the usual sense.
Relative to a triangular decomposition g = n − ⊕ h ⊕ n + , semisimple elements are those with a G-conjugate in h, while nilpotent elements are those with a Gconjugate in n + (or n − ).
When the Killing form of g is nondegenerate, one can transfer the Jordan decomposition to g * . In other cases, Kac and Weisfeiler were able to define such a decomposition intrinsically so as to satisfy the correct formal conditions. Using this technique, they could largely reduce the study of irreducible representations of g to the study of U χ (g)-modules when χ is nilpotent (as explained below).
Example: sl(2, K)
The 3-dimensional Lie algebra g = sl(2, K) suggests what we may expect to find in general. We leave aside the case p = 2, which requires extra care, so g is simple and has nondegenerate Killing form. We have a standard basis {h, e, f },
Here there are three essentially different kinds of coadjoint orbits in g * , represented in g by 0, e (regular nilpotent), and the various nonzero multiples of h (regular semisimple).
In the first case, U χ (g) = U
[p] (g) is the restricted enveloping algebra, whose simple modules are of dimensions 1, . . . , p and may be obtained by reduction mod p from the classical highest weight modules of these dimensions for sl(2, C). They may be labelled with "highest weights" 0, 1, . . . , p − 1: the eigenvalue of h on a vector killed by e. The induced modules Z(λ) are of dimension p and typically have two composition factors (labelled by linked weights λ and p − 2 − λ and having respective dimensions λ + 1, p − 1 − λ). But one of them is already simple (and projective) of dimension p: the Steinberg module, of highest weight p − 1. Other projective covers have dimension 2p and can be filtered by two induced modules.
In the (regular) nilpotent case, all of the induced U χ (g)-modules Z χ (λ) turn out to be simple (of dimension p). They can again be parametrized by the weights 0, 1, . . . , p−1, but here each linked pair {λ, p−2−λ} determines a single module. Its projective cover is an extension of the simple module by itself. The one exception is the Steinberg-type module of weight p − 1, which is both simple and projective.
In the (regular) semisimple cases, U χ (g) is semisimple. The induced modules Z χ (λ) are all simple (as in the regular nilpotent case) and are uniquely parametrized by weights (as in the restricted case). But here the weight parameters no longer lie in the prime field of K. Instead, they are roots of the separable polynomial [61] .) Rudakov and Shafarevich [73] used the early work of Zassenhaus to organize all of the irreducible representations into a single geometric picture when g = sl(2, K) and p = 2: the Zassenhaus variety, whose simple points correspond to representations of dimension p. It would be very interesting to work out a similar description for higher ranks, but so far only a bare outline exists.
The semisimple case
The "semisimple" case lives up to its name. The following theorem goes back to Rudakov [68] and Kac-Weisfeiler [39] . The ideas were later reworked and extended by Friedlander-Parshall [17, §3].
Theorem. Assume p is good for G. 
Reduction to the nilpotent case
When χ is no longer semisimple, the representation theory of U χ (g) can be reduced to that of a lower rank Lie algebra. This was also worked out by KacWeisfeiler and reformulated by Friedlander-Parshall.
Say χ corresponds to x ∈ g (if the Killing form is nondegenerate). Given the Jordan decomposition x = x s + x n of x ∈ g (with x n = 0), the key point is that x n lies in the centralizer l of x s , a reductive subalgebra of g whose semisimple derived algebra l has smaller rank than g. The theory for simple Lie algebras generalizes readily to the semisimple case. Now one can inductively reduce matters to the study of a nilpotent orbit: U χ (g) is Morita equivalent to the tensor product of a commutative semisimple algebra with U ψ (l ), where ψ lies in a nilpotent coadjoint orbit corresponding to x n .
So Jordan decomposition allows us to focus on the essential case, where χ is nilpotent.
The nilpotent case
From now on χ always denotes a nilpotent element of g * . With a few exceptions when p is bad, the orbit structure of the nilpotent variety N of g resembles closely that of the nilpotent variety of a simple Lie algebra over C. There are only finitely many G-orbits in N , which have been enumerated and classified in analogy with the classical Dynkin-Kostant theory, adapted by BalaCarter and Pommerening to good prime characteristic. The Jordan normal form for sl(n, K) is of course a prototype of this classification. But in general things get much more complicated.
What does it mean for χ to be nilpotent? For a fixed Borel subalgebra b = h⊕n + , every nilpotent element of g has a conjugate in n + . When the Killing form is nondegenerate, the orthogonal complement of n + is precisely b. Saying that χ is nilpotent then translates into the condition that χ vanishes on a G-conjugate of b. If χ(b) = 0, then χ(h α ) = 0 for all roots α. This means that for any
α − h α acts by the scalar 0. In turn, for any weight λ of h on M , λ(h α ) lies in the prime field F p .
Thus, when χ is nilpotent and b is chosen so that χ(b) = 0, the weights of any U χ (g)-module are integral, i.e., reductions modulo p of weights in X. So induced modules Z χ (λ) are parametrized by elements of X/pX. The only catch is that (unlike the case χ = 0) numerous weights λ may parametrize the same module. But these all lie in one W -linkage class.
Standard Levi form
Fix a Borel subalgebra b = h ⊕ n + , hence a system of simple roots, and assume χ(b) = 0. Following Friedlander-Parshall [18, §3], we say that χ has standard Levi form if there is a set I of simple roots such that χ(f α ) = 1 for all α ∈ I while χ(f α ) = 0 for all other positive roots α. If χ corresponds (under the Killing form duality) to an element x ∈ n + , it is equivalent to say that x is the sum of root vectors e α (α ∈ I): a typical regular nilpotent element of a Levi factor in the parabolic subalgebra determined by I. An extreme example is χ = 0.
The techniques developed by Friedlander-Parshall and by Jantzen are mainly effective in the case of standard Levi form. In particular, this is the only case in which we currently have a precise classification of simple U χ (g)-modules by "highest weights". When g = sl(n, K), all nilpotent χ ∈ g * are easily seen to be conjugate to those having standard Levi form. But for other simple Lie algebras there are "extra" nilpotent χ, such as those corresponding to subregular nilpotent elements when g is the exceptional 14-dimensional algebra of type G 2 .
Theorem. Assume χ has standard Levi form relative to the Borel subalgebra b. 
Blocks
One easy consequence of the preceding theorem is an explicit determination of the blocks (indecomposable two-sided ideals) of U χ (g) when χ has standard Levi form. This generalizes the case χ = 0 treated in [24] .
Theorem. If χ has standard Levi form, the blocks of U χ (g) are in natural bijection with the W -linkage classes of weights in X/pX.
To explain this, recall from the general theory of finite-dimensional algebras that each simple module occurs as a composition factor of precisely one block, and that all composition factors of an indecomposable module must belong to a single block. When χ has standard Levi form (relative to b), we know that all Z χ (λ) are indecomposable and that their unique simple quotients L χ (λ) exhaust the simple U χ (g)-modules. If L χ (λ) and L χ (µ) occur in the same block, their central characters ( §11) must coincide and thus λ and µ must be W -linked. In the reverse direction, the second theorem in §11 shows-without assuming standard Levi form-that Z χ (λ) involves composition factors of all possible weights W -linked to λ.
We expect this result to hold in general:
Conjecture. If χ is nilpotent, the blocks of U χ (g) are in natural bijection with Wlinkage classes of weights in X/pX. In particular, all of these finite-dimensional algebras have the same number of blocks.
To prove this it would be enough to show that there always exists a Borel subalgebra yielding induced modules Z χ (λ) which are indecomposable-for example, by virtue of having unique simple quotients. The first open case is that of the subregular nilpotent orbit in type G 2 mentioned above.
It is tempting to conjecture that for arbitrary χ ∈ g * , the number of nonisomorphic simple modules in each block should be no greater than |W |. For "generic" blocks we might also ask whether this number of simple modules always divides |W |. This is true when χ is nilpotent and has standard Levi type, since then the number is |W/W I | (see §17). Here the generic blocks involve p-regular weights: those for which the W -linkage class has size |W |.
The regular nilpotent orbit
At the opposite extreme to the zero orbit in g is the unique open orbit, consisting of regular nilpotent elements-those whose centralizers have smallest possible dimension r and whose orbit therefore has dimension 2N . In terms of our Chevalley basis of g, we can take as orbit representative the sum of all e α (α simple). Thus the corresponding character χ ∈ g * has standard Levi form. The assertion about the dimension of P χ (λ) involves an overall dimension comparison: as in the case of any finite-dimensional algebra over K, dim U χ (g) is obtained by multiplying the dimension of each simple module by the dimension of its projective cover, then summing. But the internal structure of P χ (λ) is more difficult to describe. All one knows from the fact that U χ (g) is a "symmetric" algebra is that P χ (λ) has L χ (λ) as both head and socle. When the W -linkage class of λ has the generic size |W |, Jantzen [37, 10.12] points out (in the spirit of arguments in [2] ) that the |W |-dimensional endomorphism algebra of P χ (λ) is isomorphic to the "coinvariant" algebra of W . This leads to a more precise picture of the radical series, whose length is N + 1. (Premet has announced more general results for arbitrary λ.)
Calculations by Jantzen
Until very recently there were few specific calculations involving non-restricted representations, apart from the regular nilpotent case and the Lie algebras sl(2, K) and sl(3, K). But by pushing Premet's methods further, Jantzen [35] , [36] has managed to get explicit dimension formulas for simple modules in a number of further cases: the subregular nilpotent orbit in types A n and B n as well as the minimal (nonzero) nilpotent orbit in type B 2 . The latter case involves intricate calculations, but at the same time provides strong evidence for a connection with Lusztig's recent work on affine Hecke algebras (described below). Along the way he calculates related Ext groups and Loewy series.
The subregular orbit in g involves elements in standard Levi form only when g is of type A n or B n . Here Jantzen chooses a suitable nilpotent element and Borel subalgebra so that the resulting induced modules Z χ (λ) are uniserial, with (generically) distinct composition factors. Thanks to standard Levi form, the simple modules are easily parametrized by families of weights. By studying maps among various induced modules, some of which are induced from larger parabolic subalgebras, he is eventually able to pin down all dimensions of simple modules for U χ (g). In keeping with Premet's Theorem, these are of the form ap N −1 , since the subregular orbit has codimension 2 in the 2N -dimensional nilpotent variety.
When g = sl(3, K), he recovers the calculations of Kac [38] (described in [18, Ex. 3.6]). Here there are just three nilpotent orbits, corresponding to Jordan forms: 0, the subregular orbit, and the regular orbit.
For the Lie algebra so(5, K) of type B 2 , Jantzen works with an element of the (4-dimensional) minimal nilpotent orbit and a suitable Borel subalgebra. Here the results are more complicated, because the modules Z χ (λ) generically have six composition factors, involving the four simple modules in a block with multiplicities 1 or 2. If weights are parametrized by pairs (r, s) (after a shift by ρ) with r, s > 0 and 2r + s < p, the four typical dimensions are:
Note that by adding these dimensions, with the second and third counted twice, one obtains p 4 = dim Z χ (λ). In this generic case, Z χ (λ) has Loewy length 4, with explicitly computed layers.
To keep track of weights, Jantzen exploits a natural action of a subtorus of G which fixes χ, or a related grading of the category of U χ (g)-modules. This viewpoint is compatible with Lusztig's work on the affine Weyl group, which we now describe briefly.
Lusztig's periodic W -graphs
Recently Lusztig [49, 13 .17] has suggested, as a byproduct of a new construction of representations of affine Hecke algebras, how to compute the composition factor multiplicities of the modules Z χ (λ) (for "generic" λ) when χ has standard Levi form. More precisely, he fixes a nonempty set I of simple roots and works in a correlated "strip" of alcoves for the affine Weyl group along one or more walls of the fundamental Weyl chamber, attaching polynomials in v −1 to the alcoves. When evaluated at v = 1, these should provide the desired multiplicities (in an inverse sense). His calculations for types A 2 and B 2 agree with Jantzen's results. He also calculates the polynomials relevant to the 6-dimensional and 8-dimensional nilpotent orbits of G 2 , for which no explicit representation-theoretic results are yet known.
It is noteworthy that this setup incorporates already the kind of grading (or torus action) which plays an essential part in Jantzen's bookkeeping. All of this extends in a promising way Lusztig's earlier conjectures for χ = 0 (see [46] ). Even so, the composition factor multiplicities alone are not enough to predict the dimensions of the simple modules.
One can hope that the polynomials themselves will give information about the Loewy series of Z χ (λ). Lusztig's upper bound on degrees of the polynomials would then suggest a generic Loewy length for Z χ (λ): 1 plus the number of positive roots outside I. This is consistent with the earlier estimate N + 1 when χ = 0 and with Jantzen's rank 2 calculations.
Many questions remain. For example, can one relate Lusztig's constructions for varying choices of I? And is there any way to extend his ideas to cover the cases when χ does not have standard Levi form? Above all, it remains to discover an intrinsic connection between the Hecke algebra formalism and the modular representation theory of Lie algebras.
Deformations
It has long been hoped that a close study of the non-restricted representations of g would lead indirectly, by a "deformation" process, to an understanding of restricted representations. This theme is developed in the series of papers by Friedlander and Parshall, where the "Steinberg modules" associated to the weight (p − 1)ρ for the various nilpotent χ are seen to form a deformation family [18, §4].
There is a natural partial ordering of nilpotent orbits in g (or in g * ), with two orbits related if one lies in the closure of the other. In types A 2 and B 2 (where the ordering happens to be linear), there are respectively 3 and 4 nilpotent orbits. The representation theory of U χ (g) is relatively uncomplicated when χ is regular, but becomes quite intricate by the time we reach the 0 orbit. A step-by-step deformation through the orbits for A 2 and B 2 has been worked out explicitly by Jantzen. The idea is to introduce an extra parameter t, allowing one to pass from an orbit into its closure by setting t = 0. For example, in sl(3, K), we can start with regular nilpotent elements of the form e α + te β (α, β simple roots, t = 0) and then pass to the subregular orbit when t = 0.
The details for types A 2 and B 2 are already somewhat complicated, and still impossible to predict a priori. But the patterns exhibited are essentially independent of p, lending support to the hope that they may depend just on the root system and Weyl group (or affine Weyl group).
Relations with the flag variety
As we indicated earlier, the relationship between representations of G and representations of g is more subtle in characteristic p than in characteristic 0. One actually has to compare two families of "standard" modules: the algebraically constructed induced U
[p] (g)-modules Z(λ), λ ∈ X/pX, and the geometrically constructed induced G-modules H 0 (λ), λ ∈ X + ("dual Weyl modules"). The latter arise as global sections of line bundles on the flag variety B, parametrized by dominant weights. The modules Z(λ) all have dimension p N , whereas the modules of global sections have dimensions given by Weyl's classical formula, starting with the 1-dimensional trivial module H 0 (0) for G. Even though the modules H 0 (λ) are not defined intrinsically in terms of g, Jantzen's work on "generic decomposition patterns" shows that they interact closely with the Z(λ). And Lusztig's older conjecture on characters and dimensions is formulated explicitly for G-modules rather than for g-modules.
When χ is nilpotent but nonzero, it is tempting to look for a similar family of geometrically defined "standard" modules which would interact in a parallel way with the Z χ (λ). There is a natural candidate for the geometric setting: the fixed point variety B x of a nilpotent element x corresponding to χ. This is a single point when x is regular and is all of B when x = 0. If we regard B as the collection of all Borel subalgebras of g, then B x comprises those which contain x. These fixed point varieties are the Springer fibres in a desingularization of the nilpotent variety (cf.
[26, Chapter 6] ).
While g need not act on global sections of line bundles restricted to B x , recent work of Mirković and Rumynin [52] shows how to obtain U χ (g)-modules by working with global sections of vector bundles on an expanded "Frobenius neighborhood". The hope is that this construction will yield directly some of the simple U χ (g)-modules (including those of least possible dimension) and will suggest a link with Kazhdan-Lusztig theory. But many technical problems still need to be resolved.
Their approach also promises to relate the Z χ (λ) systematically to their geometrically constructed "standard modules". This may help to explain the variation in structure of the Z χ (λ) as one varies the choice of Borel subalgebra containing a fixed nilpotent element (corresponding to χ). For example, it is suspected that choosing b to lie on only one irreducible component of B x will yield modules Z χ (λ) with unique simple quotients. On the other hand, Jantzen's examples for sl (3, K) show already that the choice of a Borel subalgebra lying in more than one component can lead to a more complicated head or socle.
Quantum groups at a root of unity
Almost everything we have been discussing here has a precise parallel in the case of quantum groups-by which we mean quantum enveloping algebras in the sense of Drinfeld and Jimbo-when the quantum parameter is taken to be a root of unity. Here we just cite a few of the key references. A quantum analogue of the restricted enveloping algebra was constructed by Lusztig [47] , [48] , with further important developments by Andersen-Jantzen-Soergel [2] ; see also Ginzburg-Kumar [20] , Kazhdan-Verbitsky [40] , Kumar [42] . For not necessarily restricted representations, a suitable framework was developed by DeConcini-Kac [8] , DeConciniKac-Procesi [9] , [10], [11] ; see also Chari-Pressley [5] .
The study of quantum groups has brought new methods as well as new motivation to the study of modular representations-a branch of representation theory which at times wanders far from the mainstream of traditional Lie theory, but remains deep.
